Abstract. We prove a relative analogue of equivalence between nuclearity and CPAP. In its proof, the notion of weak containment for C * -correspondences plays an important role. As an application we prove KK-equivalence between full and reduced amalgamated free products of C * -algebras under a strengthened variant of 'relative nuclearity'.
Introduction

A C
* -algebra A is said to be nuclear if for any C * -algebra B there is a unique C * -cross norm on the algebraic tensor product A ⊙ B. The notion of nuclearity was introduced by Takesaki [Ta] in the 1960's. On the other hand, by remarkable works of Lance [L1] , Choi-Effros [CE] , and Kirchberg [Ki] , the nuclearity of a given C * -algebra is known to be equivalent to the completely positive approximation property (CPAP ), that is, the identity map can be approximated by a net of completely contractive positive maps that factor through matrix algebras. This characterization is useful and plays an important role in various situations. In this paper, we study 'relative counterparts' of nuclearity and CPAP for inclusions of C * -algebras. It seems natural to formulate the 'relative CPAP' of a given inclusion B ⊂ A of C * -algebras by the following asymptotically commuting diagram:
Namely, ϕ i and ψ i are completely positive maps satisfying a = lim i ψ i • ϕ i (a) for a ∈ A. In this case, the CPAP of B implies the one of A. Moreover, there are many examples known to have this 'relative CPAP'; for example, crossed products by amenable discrete groups, group C * -algebras of relative amenable discrete groups, tensor products with nuclear C * -algebras, continuous fields of nuclear C * -algebras, etc. From the viewpoint of equivalence between nuclearity and CPAP, those inclusions should be 'relatively nuclear', but the explicit formulation of 'relative nuclearity' has never been established so far. The aim of this paper is to formulate relative nuclearity for a given inclusion B ⊂ A in such a way that it includes original nuclearity as a particular case when B = C1 A , and is characterized by a kind of relative CPAP.
It is widely known that nuclearity is to C
* -algebras what amenability is to von Neumann algebras. Thus, motivated by Popa's formulation [Po] of relative amenability for von Neumann algebras, we will develop our theory of 'relative nuclearity' by the use of C * -correspondences, which are C * -counterparts of bimodules over von Neumann algebras. For C * -algebras A and B, an A-B C * -correspondence is given by a pair (X, π X ), where X is a Hilbert B-module and π X is a * -homomorphism from A into the C * -algebra of adjointable (right B-linear) operators on X. A-A C * -correspondences are also called C * -correspondences over A. To define 'relative nuclearity', let us introduce the notion of universal factorization property (UFP ). We say that a C * -correspondence (X, π X ) over A has the UFP if for any C * -algebra B and any * -representation σ : A⊗ max B → B (H) , σ factors through the image of the natural representation φ In our theory, the notion of UFP plays a role of the original definition of nuclearity. Indeed, the nuclearity of A is naturally equivalent to the UFP of (H ⊗ A, π H ⊗ 1) for some faithful * -representation π H : A → B (H) . For a given unital inclusion B ⊂ A with conditional expectation E, we denote by (L 2 (A, E), π E ) the A-B C * -correspondence associated with E given by the GNS-construction. For simplicity, let us assume that E is nondegenerate (i.e., π E is faithful) in the rest of this section. We say that (A, B, E) is nuclear if (L 2 (A, E) ⊗ B A, π E ⊗ 1) has the UFP. In the case when B = C1 A , L 2 (A, E) is a Hilbert space, and hence the nuclearity of (A, C1 A , E) is equivalent to the nuclearity of A. Moreover, we prove the following theorem, which is a relative analogue of 'nuclearity ⇔ CPAP'.
Theorem A. Let B ⊂ A be a unital inclusion of C * -algebras with conditional expectation E. Then, (A, B, E) is nuclear if and only if for any finite subset F ⊂ A and ε > 0, there exist n, m ∈ N and completely positive maps ϕ k : A → M n (B) and ψ k : M n (B) → A, 1 ≤ k ≤ m such that a − m k=1 ψ k • ϕ k (a) < ε for a ∈ F, and each ϕ k and ψ k are of the form
for some x i , y i ∈ A, 1 ≤ i ≤ n. This theorem will be proved based on the following two observations concerning weak containment for C * -correspondences: The first one is that for given A-B C * -correspondences (X, π X ) and (Y, π Y ) with A unital, the following are equivalent (see § §3.1 for the definition of weak containment):
• (X, π X ) is weakly contained in (Y, π Y ) with respect to the universal representation, written (X, π X ) ≺ univ (Y, π Y ).
• For any ξ ∈ X, finite subset F ⊂ A and ε > 0, there exist m ∈ N and η 1 , . . . , η m ∈ Y such that ξ, π X (a)ξ − m k=1 η k , π Y (a)η k < ε for a ∈ F. The second one is that any C * -correspondence (X, π X ) over A has the UFP if and only if (A, λ A ) ≺ univ (X, π X ) holds, where (A, λ A ) is the identity C * -correspondence over A (see § §4.1). These observations also say that the nuclearity of (A, B, E) is characterized by the condition that (A, λ A ) ≺ univ (L 2 (A, E) ⊗ B A, π E ⊗ 1 A ). We point out that this is parallel to Popa's formulation [Po] of relative amenability for von Neumann algebras: an inclusion of von Neumann algebra N ⊂ M is amenable if and only
We also introduce the notion of strong relative nuclearity. Roughly speaking, the strong nuclearity of a given triple (A, B, E) is the property that each ψ k • ϕ k in Theorem A can be chosen to be B-bimodule maps (see § §4.2). This stronger notion seems technical, but almost all the examples of nuclear triples investigated in this paper are in fact strongly nuclear. For example, a triple (A, B, E) is strongly nuclear in any of the following cases:
• A is nuclear, B is finite dimensional, and the embedding B ֒→ A is full (i.e., span AbA = A for b ∈ B \ {0}); • A = B ⊗ C with C nuclear;
• B = C(X) ⊂ A ′ ∩ A and A is a continuous field of nuclear C * -algebras over X; • E is of Watatani index finite type; • A = B ⋊ α Γ, where Γ is a discrete amenable group; • B = C(X) and A = C(X) ⋊ α Γ, where α : Γ C(X) is amenable ( [AD1] ); • A = C * r (Γ) and B = C * r (Λ), where Λ ⊳ Γ is co-amenable (i.e., Γ/Λ is amenable);
• A = C * r (G) and B = C(G (0) ), where G is a locally compact Hausdorff amenableétale groupoid whose unit space G (0) is compact.
We also show that a triple (A, B, E) is nuclear in any of the following cases:
• A is nuclear and the embedding B ֒→ A is full;
• A = C * r (Γ) and B = C * r (Λ), where Λ < Γ is co-amenable; • E is of probabilistic index finite type;
• A = B ⋊ α Γ, where α : Γ B is amenable. Clearly, strong relative nuclearity implies relative nuclearity, but we do not know whether or not these two notions are actually different.
X into Y and set L A (X) := L A (X, X). Every adjointable map is automatically bounded and L A (X) forms a unital C * -algebra with respect to the operator norm and the involution x → x * . For given vectors ξ, η ∈ X we define the 'rank one' operator θ ξ,η ∈ L A (X) by θ ξ,η (ζ) = ξ η, ζ . We denote by K A (X) the C * -subalgebra of L A (X) generated by {θ ξ,η | ξ, η ∈ X}. Operators in K A (X) are called compact operators on X. It is known that K A (X) is a C * -ideal of L A (X) and L A (X) is isomorphic to the multiplier algebra of K A (X). We denote by 1 X the identity operator on X.
Definition 2.2. Let A and B be C * -algebras. An A-B C * -correspondence is a pair (X, π X ) consisting of a Hilbert B-module X and a * -homomorphism π X : A → L A (X), called the left action. A-A C * -correspondences are also called C * -correspondences over A. We denote by Corr(A, B) the set of A-B C * -correspondences and set Corr(A) := Corr(A, A).
A C * -correspondence (X, π X ) ∈ Corr(A, B) is said to be unital if A is unital and π X is also a unital map, and countably generated if X is countably generated as a Hilbert B-module. We denote by Rep(A) the set of nondegenerate * -representations of A. A-B C * -correspondences (X, π X ) and (Y, π Y ) are said to be unitarily equivalent, denoted by (X, π X ) ∼ = (Y, π Y ), if there exists a unitary U ∈ L B (X, Y ) such that π X (a) = U * π Y (a)U for a ∈ A. When no confusion may arise, we will write X for short instead of (X, π X ).
Definition 2.3. For X ∈ Corr(A, B) and ξ, η ∈ X the mapping A ∋ a → ξ, π X (a)η is called a coefficient of X. We define the c.p. map Ω ξ : A → B by Ω ξ (a) = ξ, π X (a)ξ . For a subset S ⊂ X we denote by F S the convex hull of {Ω ξ | ξ ∈ S} in CP(A, B).
Definition 2.4. Let X and Y be Hilbert C * -modules over A and B, respectively, and ϕ : A → L B (Y ) be a c.p. map. Then we can construct the Hilbert B-module X ⊗ ϕ Y by separation and completion of X ⊙Y with respect to the B-valued semi-inner product (i.e., it satisfies the axiom of B-valued inner products except (5)) ξ ⊗ η, ξ ′ ⊗ η ′ := η, ϕ( ξ, ξ ′ )η ′ for ξ, ξ ′ ∈ X and η, η ′ ∈ Y. There are two * -homomorphisms:
satisfying that (x ⊗ 1 Y )(ξ ⊗ η) = (xξ) ⊗ η and (1 X ⊗ y)(ξ ⊗ η) = ξ ⊗ (yη), for ξ ∈ X and η ∈ Y . Since these * -homomorphisms have mutually commuting ranges, we will write x ⊗ y := (x ⊗ 1 Y )(1 X ⊗ y) = (1 X ⊗ y)(x ⊗ 1 Y ). When ϕ is a * -homomorphism, the module X ⊗ ϕ Y is called the interior tensor product of X and (Y, ϕ). When no confusion may arise, we may write
Further assume that Y = B and ϕ : A → B is surjective. In this case, X ⊗ ϕ B is called the pushout of X by ϕ and denoted by X ϕ . We also write
Definition 2.5. Let X and Y be Hilbert C * -modules over C and D, respectively. The exterior tensor product of X and Y is the Hilbert C ⊗ D-module given by separation and completion of X ⊙Y with respect to the C ⊗D-valued semi-inner product ξ⊗η, ξ
We will write ι(x ⊗ y) = x ⊗ y for short. We note that when (X, π X ) ∈ Corr(A, C) and
Remark 2.6. Let X ∈ Corr(A, B) and Y ∈ Corr(B, C) be given. To simplify the notation, we use the same symbol
Example 2.7. Every C * -algebra A forms a Hilbert A-module with respect to the inner product a, b = a * b. It is not hard to see that A ∼ = K A (A). Let λ A : A → L A (A) the canonical * -homomorphism given by the left multiplication. The (A, λ A ) ∈ Corr(A) is called the identity C * -correspondence over A.
Example 2.9. Let B ⊂ A be an inclusion of C * -algebras with a conditional expectation E from A onto B. Then, A naturally forms a right B-module by right multiplication. We denote by L 2 (A, E) the Hilbert B-module obtained from A by separation and completion with respect to the B-valued semi-inner product a, b := E(a
) is given by the left multiplication. When A is unital, we denote by ξ E be the vector in L 2 (A, E) corresponding to 1 A . The triple (L 2 (A, E), π E , ξ E ) is called the GNS representation associated with E. The conditional expectation E is said to be nondegenerate when π E is injective (or, equivalently, a = 0 if and only if E(xay) = 0 for all x, y ∈ A). The conditional expectation E is also said to be faithful when for any a ∈ A, a = 0 if and only if E(a * a) = 0.
be the standard basis of C n and {e ij } n i,j=1 be the corresponding system of matrix units in M n . We denote by C n the Hilbert M n -module C n equipped with the right action
where t x is the transposed matrix of x, and the M n -valued inner product defined by δ i , δ j = e ij for 1 ≤ i, j ≤ n.
Example 2.10. We call H A := ℓ 2 (N) ⊗ A the standard Hilbert module over A. Clearly, H A is isomorphic to the infinite direct sum
and n ∈ N we set (X ∞ , π
The next observation is standard, but important for us since it illustrates how c.p. maps that factors through matrix algebras (over C * -algebras) appear.
Weak containment for C * -correspondences
In this section we develop some general theory of weak containment for C * -correspondences.
We say that (X, π X ) is weakly contained in (Y, π Y ) ∈ Corr(A, B) with respect to (H, π H 
. When no confusion may arise, we will write X ≺ H Y for short. In the case that (H, π H ) is the universal representation of B, we write X ≺ univ Y .
Remark 3.1.3. The reader may think our definition of weak containment rather technical. Hence, we will briefly explain why we formulated it as above. Let A and B be C * -algebras.
Fix H ∈ Rep(B) arbitrarily and set M := π H (B) ′′ . Then, weak containment for A-B C * -correspondences with respect to H can be characterized by the one for corresponding A-M bimodules in the following way. Let X, Y ∈ Corr(A, B) be arbitrary. Thanks to Lemma 3.1.5 below, we can assume that M ⊂ B(H) is of standard form (see, e.g., [H] Remark 3.1.4. Let X, Y ∈ Corr(A, B) and (H, π) ∈ Rep(B) be arbitrary. Recall that the pushout of X by π is the Hilbert π(B)-module X π . Since
Thanks to this observation, we can reduce to the case when (H, π H ) is faithful in some cases.
Lemma 3.1.5 (cf. [BO, Lemma 3.8.4] ). Let A and B be C * -algebras, and X, Y ∈ Corr(A, B) and
Proof. First we deal with the case that K = H ⊗ G and
Let {e ij } n i,j=1 be a system of matrix units M n and
Let {P i } i ⊂ B(G) be a net of finite rank projections converges to 1 G strongly. Then {1 X ⊗ (1 H ⊗ P i )} i also converges to 1 X⊗K strongly. By the lower semi-continuity of operator norm we have
, and hence we have θ
Since every normal representation of M is the cut-down of π K above by some projection in π K (M ) ′ , we are done.
As we mentioned above, the following definition includes [ADH, Definition 1.7] .
Definition 3.1.6. Let A be a C * -algebra and M be a von Neumann algebra. For any two C * -correspondences X, Y ∈ Corr(A, M ) we say that X is weakly contained in Y , written X ≺ Y , if X is weakly contained in Y with respect to any (or some) faithful normal representations of M .
3.2. Characterization in terms of coefficients. In this subsection, we prove Theorem 3.2.1 below, which contains [ADH, Proposition 2.3 ] as a particular case that B = M and X is selfdual. The proof below is based on the same idea as in Kirchberg's proof [Ki] for showing that C * -nuclearity implies CPAP (see also [BO, Theorem 3.8.5 
]).
Theorem 3.2.1. Let A and B be C * -algebras with A unital.
′′ . Then, the following are equivalent:
(2) For any ξ ∈ X there exists a net of c.p.maps
The following technical lemmas originate in [ADH, Lemma 2.2] and are used to prove the implication (1) ⇒ (2) in Theorem 3.2.1.
Lemma 3.2.2. If A and B are unital C * -algebras, ϕ : A → B is completely positive, and f be a state on B, then for any a ∈ A and b, c ∈ B it follows that
by the Cauchy-Schwarz inequality, we have
, by the Cauchy-Schwartz inequality again, we get the desired inequality.
Lemma 3.2.3. Let A and C be unital C * -algebras and ϕ : A → C be a u.c.p. map. Fix a faithful * -representation C ⊂ B(H). Let {φ i } i∈I be a net in CP(A, C) which converges to ϕ in the point σ-strong topology on CP(A, B(H)) and set c i := 2(1+φ i (1 A )) −1 . Then, φ ′ i : A → C; a → c i φ i (a)c i converges to ϕ in the point σ-weak topology and satisfies that φ
−2 ≤ 1. Let F ⊂ A be a finite subset, X ⊂ M * be a finite subset of normal states, and ε > 0 be arbitrarily chosen. By assumption, there exists i 0 ∈ I such that
for all a ∈ F and f ∈ X as long as i > i 0 . By the previous lemma we have
The next lemma specialized to the case that B = B ′′ is exactly [ADH, Lemma 2.2] .
Lemma 3.2.4. Let A and B be C * -algebras with A unital. Fix a nondegenerate faithful * -representation B ⊂ B(H). Let F be a convex subset of CP(A, B) such that for any b ∈ B and ψ ∈ F , the c.p. map b * ψ(·)b also belongs to F . If ϕ ∈ CP(A, B) belongs to the point σ-weak closure of F in CP(A, B(H)), then there exists a net {ψ i } i in F such that ψ i (1 A ) ≤ ϕ(1 A ) and it converges to ϕ in the point σ-weak topology.
′′ be the support projection of b and set C := eB ′′ e. Define θ n ∈ CP(A, B) by θ n (a) := b n ϕ(a)b n for a ∈ A. We first claim that θ n converges to a u.c.p. map φ from A into C in the point σ-strong topology. To see this, we fix a positive contraction a ∈ A arbitrarily. Since we have 0 ≤ ϕ(a) ≤ b, by the Douglas decomposition theorem (see e.g. [C, Theorem 17 .1]), there exists c ∈ B(H) such that ϕ(a) 1/2 = cb 1/2 . Since {b n b 1/2 } n is an increasing sequence which converges e strongly, θ n (a) = b n b 1/2 c * cb 1/2 b n also converges to ec * ce in the same topology. In the case when a = 1 A , the c is equal to e, and hence φ(a) := ec * ce defines the desired u.c.p. map.
We note that ϕ = b 1/2 φ(·)b 1/2 holds. Indeed, for any a ∈ A we have
Thus, if we find a net φ
gives the desired net. Since F is convex, the point σ-weak closure of F in CP(A, B(H)) coincides with the point σ-strong closure of F . This follows from the fact that for any finitely many elements a 1 , . . . , a n ∈ A the set {(ψ(a 1 ), . . . , ψ(a n )) ∈ n i=1 B(H) | ψ ∈ F } is convex, and hence its σ-weak and σ-strong closures coincide. Thus, by the claim above, we can find nets ϕ i ∈ F and n(i) ∈ N in such a way that φ i := b n(i) ϕ i (·)b n(i) converges to φ point σ-strongly. The image of each φ i is contained in B ∩ C since b n = eb n holds for every n ∈ N. By the preceding lemma, the net φ
−1 ∈ C converges to φ in the point σ-weak topology and satisfies that φ
By the fact that c i is the norm limit of commutative polynomials of e and b n(i)
Proof of Theorem 3.2.1. As in Remark 3.1.4, replacing B and X, Y by π H (B) and X πH , Y πY we may assume that π H is faithful and identify B with π H (B).
We prove (1) ⇒ (2) : Fix ξ ∈ X, a finite subset F ⊂ A, a finite subset X of normal states on M and ε > 0 arbitrarily. Set f := |X | −1 g∈X g and let (K, π f , ξ f ) be the GNS-representation associated with f . Since each g ∈ X enjoys g ≤ |X |f , by the Radon-Nikodym theorem for states (see e.g. [BO, Proposition 3.8.3] [F, Theorem 1.2] to these * -representations of A⊗ max π f (B)
′ and the vector ξ⊗ξ f ∈ X ⊗ B K, we find
The implication (2) ⇒ (3) follows from Lemma 3.2.4. We prove (3) ⇒ (1): Let z ∈ ker θ H Y be given and show that θ H X (z) = 0. It suffices to prove that θ H X (z)ξ ⊗ η = 0 for every ξ ∈ X and η ∈ H. We fix ε > 0 arbitrarily and take w = (1) X ≺ univ Y .
(2) For any ξ ∈ X the c.p. map Ω ξ belongs to the point norm closure of
Proof. Let (H u , π u ) be the universal representation of B. Then, it is known that the enveloping von Neumann algebra π u (B) ′′ is isomorphic to the second dual B * * . Hence, the relative topology on π u (B) induced from the σ-weak topology on π u (B)
′′ coincides with the weak topology. Since F Y is convex, the point weak closure and the point norm closure of F coincide (see e.g. [BO, Lemma 2.3.4] ). Hence, the assertion follows from the previous theorem.
3.3. Elementary properties of weak containment. In this subsection we establish some basic facts on weak containment. For a Hilbert C * -module over a unital C * -algebra B, a vector ξ ∈ X is said to be normal if ξ, ξ = 1 B holds. We note that every C * -correspondence (A⊗ ϕ B, λ A ⊗1 B ) arising from a u.c.p. map ϕ : A → B admits the normal vector 1 A ⊗ 1 B .
Proposition 3.3.1. Let A and B be unital C * -algebras and X, Y ∈ Corr(A, B) and H ∈ Rep(B) be given. Assume that Y is unital and admits a normal vector η ∈ Y . If X ≺ K Y (resp. X ≺ univ Y ), then for any ξ ∈ X there exists ψ i ∈ F Y with ψ i (1 A ) = Ω ξ (1 A ) such that π K • ψ i converges to π K • Ω ξ point σ-weakly (resp. ψ i converges to Ω ξ in the point norm topology).
Proof. By Theorem 3.2.1, there exists a net 
Proof. By the remark above, it suffices to show the case when (Z, π Z ) = (W, π W 
Since A is unital and X ≺ H Y holds, Theorem 3.2.1 enables us to find η 1 , . . . , η p ∈ Y in such a way that
Now we have
Since ε is arbitrary, we are done.
The next useful proposition is a particular case of Proposition 3.3.2.
Proposition 3.3.3. Let A, B be C * -algebras with A unital and X, Y ∈ Cor(A, B) and
Example 2.10 for notations).
Proposition 3.3.4. Let A, B and C be C * -algebras with A and B unital and X, Y ∈ Corr(A, B), Z, W ∈ Corr(B, C) and K ∈ Rep(C) be given. Suppose that Z ≺ K W and either
Proposition 3.3.5. Let A and B be C * -algebras with A unital. Let X, Y ∈ Corr(A, B) and H ∈ Rep(B) be arbitrary and set M = π H (B)
′′ . Then, X ≺ H Y if and only if for any ξ ∈ X, the product map
Proof. Thanks to Remark 3.1.4 we assume that π H is faithful and B ⊂ B (H) 
is bounded and its norm is less than or equal to ξ 2 . Conversely, suppose that Φ : Im θ
By the polarization trick we may assume that ξ = ξ ′ . Let ε > 0 be arbitrary and take i a i ⊗x i ∈ A⊙M ′ in such a way that z − i a i ⊗ x i max < ε. We then have
Since ε > 0 is arbitrary, we get θ H X (z) = 0, and hence X ≺ H Y . The next technical proposition will be used later. The proof below is based on [BO, Proposition 3.6 .5], called The Trick.
Proposition 3.3.6. Let A and B be unital C * -algebras, and X, Y ∈ Corr(A, B) and H ∈ Rep(B). If π Y is unital and X ≺ H Y holds, then for any normal vector ξ ∈ X there exists a u.c.
Proof. Thanks to the previous proposition there exists a u.c.p. map Φ : Im θ
′′ .
Relative nuclearity
In this section we give the definition of relative nuclearity and prove Theorem A.
4.1. Universal factorization property. To define relative nuclearity, we need the notion of universal factorization property, which plays a role of the original definition of nuclearity. Recall the fact that for C * -algebras A and B every nondegenerate representation σ : Definition 4.1.1. Let A be a C * -algebra. We say that (X, π X ) ∈ Corr(A) has the universal factorization property (UFP for short) if it satisfies the following universal property: For any
. In other words, there exists * -homomorphism Φ : Im φ H X → B(H) such that the following diagram commutes:
Firstly, the UFP of a given C * -correspondence is characterized in terms of weak containment.
Proposition 4.1.2. For any C * -algebra A and any C * -correspondence (X, π X ) over A, (X, π X ) has the UFP if and only if (A, λ A ) ≺ univ (X, π X ) holds.
Proof. Suppose that (X, π X ) has the UFP. Let (H, π H ) be the universal representation of A.
We next translate the original definition of nuclearity into the language of C * -correspondences by use of the notion of UFP. We note that equivalence between nuclearity and CPAP follows from the next proposition together with Corollary 3.2.5.
Proposition 4.1.3. Let A be a C * -algebra and π H : A → B(H) be a faithful * -representation. Then, the following are equivalent:
(1) A is nuclear.
Proof. We prove (1) ⇒ (2): Suppose that A is nuclear and fix a C * -algebra B and nondegenerate * -representation σ : A ⊙ B → B(K) arbitrarily. We observe that (H ⊗ A) ⊗ σA K ∼ = H ⊗ K, and this isomorphism induces Im φ
. By the universality of the maximal tensor product, the mapping
Equivalence between (2) and (3) follows from the previous proposition. We prove (2)
holds as above, the UFP gives the inverse of the canonical surjection from A ⊗ max B onto A ⊗ B, and hence A is nuclear.
Relative nuclearity.
Definition 4.2.1. Let B ⊂ A be an inclusion of C * -algebras with conditional expectation E :
Let B ⊂ A be an inclusion of C * -algebras and E : A → B be a nondegenerate conditional expectation. As we will see in the next section, (A, B, E) is nuclear whenever A is nuclear and the embedding B ֒→ A is full (see Example 5.1.3). We do not know whether or not this still holds true when we remove the assumption of fullness, but we can prove the nuclearity of (A, B, E) via some C * -correspondences over B. This is the merit of considering nuclearity via C * -correspondences over subalgebras. We also mention that the '(Z, π Z )' does not affect much in some cases. For example, in the case when B = C1 A , L 2 (A, E) ⊗ B Z is a usual Hilbert space. Thus, the nuclearity of (A, C1 A , E) via some C * -correspondence over C is equivalent to the one of A by Proposition 4.1.3. Moreover, in § §4.3 and § §4.4 we will see that the nuclearity of (A, B, E) via some C * -correspondence over B implies the relative injectivity of
, and a relative weak expectation property of A.
The next theorem says that this 'via version' of relative nuclearity is characterized by a kind of 'relative CPAP'. Theorem 4.2.2. Let B ⊂ A be a unital inclusion of C * -algebras with conditional expectation E, and (Z, π Z ) be a C * -correspondence over B. Then, (A, B, E) is nuclear via (Z, π Z ) if and only if for any finite subset F ⊂ A and ε > 0, there exist n, m ∈ N, ϕ k : A → M n (B) and
and each ϕ k and ψ k are of the form
Proof. Suppose that (A, B, E) is nuclear via (Z, π Z ) and fix a finite subset F ⊂ A and ε > 0 arbitrarily. By Proposition 4.1.2 and Proposition 4.1.3, we have (
. Since the identity map on A is noting but Ω 1A ∈ F A , thanks to Theorem 3.2.1, we can find m ∈ N and ξ 1 , .
Here we may assume that each ξ k is of the form
The converse implication follows from Proposition 4.1.2, Proposition 4.1.3, and Corollary 3.2.5 again.
Proof of Theorem A. Suppose that (A, B, E) is nuclear and fix a finite subset F ⊂ A and ε > 0 arbitrarily. By the preceding theorem, we can find n, m ∈ N and c.p. maps
is the completion of A, we may assume that η i comes from an element x i ∈ A. Since x i , π E (a)x j = E(x * i ax j ) holds, we are done. The next proposition implies that if both (A, B, E) and B are nuclear, then so is A.
Proposition 4.2.3. Let A and B be C * -algebras with A unital and B nuclear. If there exist X ∈ Corr(A, B) and Y ∈ Corr(B, A) such that (X ⊗ B Y, π X ⊗ 1 Y ) ∈ Corr(A) has the UFP, then A is nuclear.
is a scalar representation of A, this implies the nuclearity of A.
We next introduce the notion of strong relative nuclearity. Let B ⊂ A be an inclusion of C * -algebras and (X, π X ) be a C * -correspondence over A. A vector ξ ∈ X is said to be B-central if ξ enjoys π X (b)ξ = ξb for all b ∈ B. We denote by B ′ ∩ X the set of B-central vectors in X. For the identity C * -correspondence (A, π A ) ∈ Corr(A) and B ⊂ A, the set of B-central vectors is nothing but the relative commutant B ′ ∩ A. We also note that every c.p. map in F B ′ ∩X forms a B-bimodule map.
Definition 4.2.4. Let B ⊂ A be an inclusions of C * -algebras.
• We say that a C * -correspondence (X, π X ) over A has the B-central completely positive approximate property (B-CCPAP for short) if there exists a net of c.c.p. maps ψ i ∈ F B ′ ∩X such that lim i a − ψ i (a) = 0 for every a ∈ A.
• Let E : A → B be a conditional expectation. We say that the triple (A, B, E) is strongly nuclear via
, we say that (A, B, E) is strongly nuclear.
For a unital A the B-CCPAP of a C * -correspondence over A implies the UFP. Thus, every strongly nuclear triple (A, B, E) is nuclear, but we do not know whether or not the converse is true.
4.3. Relative WEP. We next discuss relative weak expectation property recently introduced by Jian and Sepideh [JS] in relation with our relative nuclearity. Definition 4.3.1 ( [BO, Proposition 3.3.6] ). An inclusion B ⊂ A is said to be relatively weakly injective if the following equivalent conditions hold;
(1) there exists a c.c.p. map ϕ :
is relatively weakly injective.
Note that Lance's WEP is exactly C-WEP 1 . In [JS] it was proved that B-WEP 1 implies B-WEP 2 . We note that the next proposition can be applied to every triple (A, B, E) that is nuclear via some C * -correspondence over B, which is an analogue of the fact that 'nuclearity ⇒ WEP'.
Proposition 4.3.3. Let A and B be C * -algebras with A unital. If there exist X ∈ Corr(A, B) and Y ∈ Corr(B, A) such that π X is unital injective, and (X ⊗ B Y, π X ⊗ 1 Y ) has the UFP, then the inclusion π X (A) ⊂ L B (X) is relatively weakly injective. In particular, A has the B-WEP 1 .
Proof. Let (H, π H ) ∈ Rep(A) be arbitrary. We will show that there exists a u.c.p. map Ψ :
The UFP of X ⊗ B Y and Proposition 3.3.6 imply that there exists a u.c.p map Θ :
′′ is the desired one.
4.4. Relative amenability for von Neumann algebras. In this subsection, we see that our relative nuclearity is related to relative amenability for von Neumann algebras [Po] [AD3] [OP] . Let N ⊂ M be an inclusion of finite von Neumann algebras and τ be a faithful normal tracial state. Let L 2 (M ) and L 2 (N ) be the GNS Hilbert spaces for τ and τ | N , respectively and ξ τ ∈ L 2 (M ) be the corresponding cyclic vector. We may assume that
, which is called the Jones projection and satisfies that e N xe N = E N (x)e N for x ∈ M . The basic extension M, e N is the von Neumann subalgebra of B(L 2 (M )) generated by M and e N . It is known that M, e N is the σ-weak closure of span{xe N y | x, y ∈ M } and becomes semifinite with the canonical faithful normal semifinite tracial weight Tr : xe N y → τ (xy).
Theorem 4.4.1 ([OP, Theorem 2.1]). Let M be a finite von Neumann algebra with a faithful normal tracial state τ and Q, N ⊂ M be von Neumann subalgebras. Then, the following are equivalent.
(1) There exists a N -central state ϕ on M, e Q such that ϕ| M = τ .
(2) There exists a N -central state ϕ on M, e Q such that ϕ is normal on M and faithful on
When any of these conditions holds, we say that N is amenable relative to Q inside M and write N ⋖ M Q.
When M ⋖ M N holds, we also say that M is amenable relative to N . The next lemma seems to be known among specialists, but we do give its proof for the reader's convenience.
H is bounded and extends to a unitary, which gives the isomorphism of Hilbert M -M bimodules. To see that
Here we give a characterization of relative amenability in terms of weak containment. 
′′ is isomorphic to M, e Q , we are done.
XQ⊗QXN and ε > 0 be arbitrary. Take w = k x k ⊗y op k ∈ M ⊙N op such that z −w max < ε.
Let N ⊂ M be an inclusion of von Neumann algebras. Recall that M is said to be injective relative to N if there exists a norm one projection from H) . By Arveson's extension theorem, we obtain a u.c.p. map Φ :
. Then we can prove that Ψ is a norm one projection onto π H (A)
′ as in the proof of Proposition 3.3.6. To see the second assertion, let M := π H (A) ′′ and N := π H (B) ′′ . We may assume that M and N are acting on the standard Hilbert space L 2 (M ). Let J be the modular conjugation on L 2 (M ). We then have a u.c.p. map Φ :
4.5. Permanence properties. For Hilbert C * -modules X and Y over C * -algebras A and B, respectively, we denote by X ⊕ Y the Hilbert A ⊕ B-module X ⊕ alg Y equipped with the inner product ξ ⊕ η, ξ
The next proposition immediately follows from Theorem 4.1.2 and the definition of relative CCPAP.
Proposition 4.5.1. Let B i ⊂ A i , i = 1, . . . , n be inclusions of C * -algebras with A i unital. For X i ∈ Corr(A i ) the following hold true.
(
Proposition 4.5.2 (Direct sums and tensor products). Let (A i , B i , E i ), 1 ≤ i ≤ n be a finite family of unital inclusions of C * -algebras with conditional expectations. Then, the following hold true:
(1) ( i A i , i B i , i E i ) is nuclear (resp. strongly nuclear) if and only if so is each
The assertions follow from the propositions above together with the next canonical isomorphisms
Proposition 4.5.3 (Inductive limits). Let B ⊂ A be a unital inclusion of C * -algebras with a conditional expectation E : A → B. If there exists an increasing net 1 A ∈ A i , i ∈ I, of unital C * -subalgebras of A such that E(A i ) = A i ∩ B and (A i , A i ∩ B, E| Ai ) is nuclear and i A i is norm dense in A, then (A, B, E) is nuclear.
Proof. Take finitely many elements {x 1 , . . . , x n } ⊂ A and ε > 0 arbitrarily. Since i A i is norm dense in A, there exists i ∈ I and y 1 , . . . , y n ∈ A i such that x i − y i < ε/3 for 1 ≤ i ≤ n. Set B i := B ∩ A i and E i := E| Ai . By the nuclearity of (A i , B i , E i ) we can find a c.c.
canonically and 1 A = 1 Ai , the ψ is a c.c.p. on A. Now we get
The following proposition can be shown in the same manner.
Proposition 4.5.4 (Inductive limits with common subalgebras). Let B ⊂ A be a unital inclusion of C * -algebras with a conditional expectation E : A → B. If there exists an increasing net A i , i ∈ I, of unital C * -subalgebras of A containing B such that (A i , B, E| Ai ) is strongly nuclear and i A i is norm dense in A, then (A, B, E) is strongly nuclear.
Examples
In this section, we give several examples of nuclear and strongly nuclear triples.
Inclusions of nuclear C
* -algebras.
Example 5.1.1. For any C * -algebra A the triple (A, A, id) is strongly nuclear. Further assume that A is unital and ϕ : A → C is a nondegenerate state. Then, the nuclearity of A is equivalent to the strong nuclearity of (A, C1 A , ϕ) by Proposition 4.1.2 and Proposition 4.1.3.
The following lemma can be shown in the same manner as [DE, Lemma 2.21 ].
Lemma 5.1.2. Let B ⊂ A be a unital inclusion of C * -algebras and ϕ be a state on B. If the embedding ι : B ֒→ A is full, that is, span AbA = A holds for all b ∈ B \ {0}, then for any finite subset F ⊂ B and ε > 0, there exist n ∈ N and a 1 , . . . , a n ∈ A such that ϕ(b)
Example 5.1.3 (Inclusions of nuclear C * -algebras). Let B ⊂ A be a unital inclusion of C * -algebras with nondegenerate conditional expectation E : A → B. Take a faithful representation π H : B → B (H) . Then, A is nuclear if and only if (A, B, E) is nuclear via (H ⊗ B, π H ⊗ 1). Moreover, when the embedding ι : B ֒→ A is full, the triple (A, B, E) is nuclear. 
is also a faithful representation of A, A is nuclear if and only if (A, id
A implies that this is the case when (A, B, E) is nuclear via (H ⊗ B, π H ⊗ 1 A ). Now assume that B is fully embedded. Since every coefficient of (H ⊗ A, π H ⊗ 1 A ) is approximated by c.p. maps of the form b → i,j a * i ϕ(b * i bb j )a j for some state ϕ and a i ∈ A, b i ∈ B, by the preceding lemma and Corollary 3.2.5, we have (H ⊗ A, π H ⊗ 1 A ) ≺ univ (A, ι). Thus, thanks to Proposition 3.3.4 we have
We note that if A or B is simple, then ι : B → A is full.
Example 5.1.4 (Continuous fields of nuclear C * -algebras). Let A be a continuous filed of unital nuclear C * -algebras on a compact Hausdorff space X, that is, there is a unital embedding C(X) ⊂ A ′ ∩ A, such that, the quotient maps p x : A → A x := A/J x , where J x is the closed ideal generated by the kernel of the evaluation map ev x : C(X) → C at x, satisfies that X ∋ x → p x (a) ∈ C is continuous for each a ∈ A and A x is nuclear for each x ∈ X. Assume that there exists a conditional expectation E : A → C(X) such that for each x ∈ X there exists a nondegenerate state ϕ x on A x satisfying ev x •E = ϕ x • p x . Then, the triple (A, C(X), E) is strongly nuclear (see [Ba] ).
For the reader's convenience, we give a sketch of the proof of this observation. Since every vector in L 2 (A, E) ⊗ C(X) A is C(X)-central, it suffices to show the nuclearity of (A, B, E). Fix a ∈ A and ε > 0. For each x ∈ X, the nuclearity of A x implies that there exist find finitely many
Since A is a continuous field, we can find an open neighborhood U x of x such that p y (a− i ξ x,i , aξ x,i ) < ε for y ∈ U x . By the compactness of X, there exists a finite subset F ⊂ X such that X = x∈F U x . Let {h x } x∈F be a partition of unity for this covering. Then, the vectors {ξ
When B is finite dimensional, relative nuclearity implies strong one thanks to the following proposition.
Proposition 5.1.5. Let B ⊂ A be a unital inclusions of C * -algebras with B finite dimensional. If X ∈ Corr(A) has the UFP, then X has the B-CCPAP.
i,j=1 be a matrix unit system of M n(r) . Take a finite subset F ⊂ A and ε > 0 arbitrarily. By the the UFP, we can find ξ 1 , . . . , ξ m ∈ X in such a way that
ij , and hence η k is B-central. For a ∈ F we have
i1 ξ, e Proposition 5.1.6. Let B ⊂ A be a unital inclusion of C * -algebras with nondegenerate conditional expectation E. Suppose that B is finite dimensional. Then, A is nuclear if and only if there exists a unital countably generated (Z, π Z ) ∈ Corr(B) such that Z admits a B-central vector ζ ∈ Z with ζ, ζ = 1 B and (A, B, E) is strongly nuclear via (Z, π Z ).
Proof. The 'only if' part follows from Proposition 4.2.3. Suppose that A is nuclear. Take a faithful * -representation π H : B → B (H) . By Example 5.1.3, we have (
Thanks to the previous proposition and Proposition 3.3.4, it enoughs to find a unital countably generated (Z, π Z ) ∈ Corr(B) containing a B-central normal vector and satisfying that (H ⊗ B, π H ⊗ 1) ≺ univ (Z, π Z ). Write B = p r=1 M n(r) and set n := p r=1 n(r). Let ι : B ֒→ M n be the natural embedding. Since M n is simple, this embedding is full, and hence we have (H ⊗ M n , π H ⊗ 1) ≺ univ (M n , ι) as B-M n C * -correspondences by Example 5.1.3. Let Φ : M n → B be the canonical trace preserving conditional expectation. We then have
and ξ Φ ∈ L 2 (M n , Φ) are the desired ones.
5.2.
Tensor products, subalgebras of finite index, and relative amenable groups.
Example 5.2.1 (Tensor products with nuclear C * -algebras). Let A and B be unital C * -algebra and f : A → C be a nondegenerate state. Then A is nuclear if and only if the triple (A⊗ B, C1 A ⊗ B, f ⊗ id B ) is strongly nuclear. Indeed, if A is nuclear, then there exists a net
is nuclear and take a net ϕ i ∈ F X converges to id A⊗B . If g be a state on B, then A ∋ a → (id A ⊗g) • ψ i (a ⊗ 1 B ) is nuclear and converges to id A .
Example 5.2.2 (Finite Watatani index). Let 1 A ∈ B ⊂ A be a unital inclusion of C
* -algebras and assume that there exists a conditional expectation E : A → B of finite Watatani index, that is, there exists a finite family of elements , called a quasi-basis, {u 1 , . . . , u n } ∈ A such that a = n j=1 u j E(u * j a) = n j=1 E(au j )u * j holds for a ∈ A. Then (A, B, E) is strongly nuclear. Recall the fact that the element e :=
Example 5.2.3 (Finite probabilistic index). Let B ⊂ A be a unital inclusion of C * -algebras. A conditional expectation E : A → B is said to be finite probabilistic index finite if there exists a constant λ > 0 such that λ −1 E − id A is a positive map on A. In this case, the triple (A, B, E) is nuclear. We show that (X, π X ) := (L 2 (A, E) ⊗ B A, π E ⊗ 1 A ) has the UFP. By [FK, Theorem 1] there exists µ > 0 such that µ −1 E − id A is completely positive. Let C be any C * -algebra and σ : A ⊙ C → B(H) be any nondegenerate representation. Fix
Hence, the mapping α , E α ) is strongly nuclear. Thus, there are many example of strongly nuclear triples that are not ones arising from crossed products.
Example 5.2.5 (Co-amenable subgroups). Let Λ < Γ be an inclusion of discrete groups. Recall that Λ is said to be co-amenable in Γ if there exists an left invariant mean on ℓ ∞ (Γ/Λ) for the action of Γ on Γ/Λ by the left multiplication. When Λ is a normal subgroup of Γ, this is equivalent to the amenability of the quotient group Γ/Λ. The compression map by the orthogonal projection onto ℓ 2 (Λ) ⊂ ℓ 2 (Γ) gives a conditional expectation E : C * r (Γ) → C * r (Λ) such that E(λ g ) = 0 whenever g / ∈ Λ. Then, (C * r (Γ), C * r (Λ), E) is nuclear if and only if Λ is co-amenable in Γ. Moreover, if Λ is a co-amenable normal subgroup of Γ, then the triple is strongly nuclear.
Suppose that Λ is co-amenable in Γ. Fix a finite subset F ⊂ Γ and ε > 0 arbitrarily. We denote by π the quotient map from Γ onto Γ/Λ. By [Gr, Theorem 4 .1] there exist a finite subset
In the case that Λ is a normal subgroup, the vector ξ is C *
) is nuclear, then the group von Neumann algebra L(Γ) is injective relative to L(Λ) by Proposition 4.4.4. By [MP, Corollary 7], this implies the co-amenability of Λ in Γ.
Remark 5.2.6. By [MP] [Pe] there are triples of groups K < H < G such that K is co-amenable in G but not in H. Thus, the example above says that A := C * r (G), B := C * r (H), and C := C * r (K) satisfy that (A, C, E) is nuclear and (B, C, E| B ) is not nuclear, where E : A → C is the canonical conditional expectation as above. We also note that there is a conditional expectation from A to B.
Crossed products. Let B be a unital C
* -algebra and α : Γ B be an action of a discrete group. Let B ⋊ α Γ and B ⋊ α,r Γ denote the full and reduced crossed products, respectively. We denote by α * * the action of Γ on B * * induced from α.
Definition 5.3.1 ([AD1, Définition 4.1]). Let B be a unital C * -algebra and Γ be a discrete group. An action α : Γ → Aut(B) is said to be amenable if there exists a net of functions ϕ i : Γ → Z(B * * ) with a finite support such that
Proposition 5.3.2. Let α : Γ B be an action of discrete group and A := B ⋊ α,r Γ. Then, the following are equivalent:
(1) The action α : Γ B is amenable. (2) There exists a net of vectors ξ i in the linear span of {ξx ∈ L 2 (A,
and Ω ξi (a) converges to a σ-weakly for a ∈ A. (3) The triple (A, B, E) is nuclear. When B is commutative, these conditions are also equivalent to (4) The triple (A, B, E) is strongly nuclear.
Proof. We first prove (1) ⇒ (2): Take a net {ϕ i } i ∈ C c (Γ, Z(B * * )) in the definition of amenable actions. We set
For any b ∈ B and f ∈ Γ we have
which converges to bu f by the choice of ϕ i . We also have ξ i , ξ i = g∈Γ ϕ i (g) * ϕ i (g) ≤ 1. Since A is the closed span of {bu g | b ∈ B, g ∈ Γ}, we get (2).
We next prove (2) ⇒ (3): 5.4. Groupoids.
Definition 5.4.1. A groupoid G is given by a unit space G (0) and range and source maps r, s :
• every g has the inverse g −1 ∈ G such that gg −1 = r(g) and g −1 g = s(g).
A topological groupoid is a groupoid with a topology such that range, source, multiplication and inverse maps are continuous. Here the topology on G (2) is the relative topology in G × G. A topological groupoid is said to beétale (or r-discrete) if s and r are local homermorphisms, i.e., for any g ∈ G there exists a open neighborhood U of g such that r| U : U → r(U ) and s| U : U → s(U ) are homeomorphisms.
In what follows, G denotes a locally compact Hausdorffétale groupoid. For x, y ∈ G (0) we set G x := s −1 (x), G y := r −1 (y), and G y x := G x ∩ G y . We note that G x is discrete in G and G (0) is clopen in G. For ϕ, ψ ∈ C c (G) we define the convolution product and the adjoint by
In particular, for ψ, ψ
is compact, the χ G (0) forms the unit of (C c (G),  * ) .
We also note that C c (G) forms an inner product C c (G (0) )-module in the following way: for ξ, η ∈ C c (G) and ϕ ∈ C c (G (0) ), define
We denote by L 2 (G) the Hilbert C c (G)-module given by completion of C c (G). Define the left regular representation λ :
Definition 5.4.2. We say that G is amenable if there exists a net of positive functions
Lemma 5.4.3 ( [BO, Lemma 5.6 .12]). For ϕ ∈ C c (G) we set ϕ I,s := sup x∈G (0) g∈Gx |ϕ(g)|.
Then, it follows that λ(ϕ) ≤ max{ ϕ I,s , ϕ * I,s }.
To simplify our proofs, we use the following ad hoc notation and terminology. For a subset K ⊂ G and x, y ∈ G (0) we set
We also say that a subset U ⊂ G is a G-set if r| U and s| U are homeomorphisms. We note that if U is a G-set, then |U x | ≤ 1 for all x ∈ G (0) .
Lemma 5.4.4. For any compact subset K ⊂ G we have
Proof. By the compactness of K, there exists a finite family of open G-sets {U i } i∈I which covers
Proof. Set r V := r| V : V → r(V ) and 0) ) arbitrarily. Since G is locally compact and Hausdorff, we can find a open subset U ⊂ G such that supp(ν) ⊂ U ⊂ U ⊂ V . By Urysohn's lemma we can find a function ψ ∈ C c (G
) in such a way that ϕ(x) = 0 for x ∈ G (0) \ r(V ). We will show that ϕ * ν * = ν * * ϕ. We observe that both of ϕ * ν * and ν * * ϕ vanish on G \ U −1 . For g ∈ U we get ϕ * ν
. Thus, we have ϕ * ν * = ν * * ϕ, and hence λ(ϕ)λ(ν
Theorem 5.4.6. A locally compact Hausdorffétale groupoid G with G (0) compact is amenable if and only if (C * r (G), C(G (0) ), E) is strongly nuclear.
), E) is strongly nuclear, then C * r (G) is nuclear by Proposition 4.2.3. By [BO, Theorem 5.6.18] this implies the amenability of G. Conversely, suppose that G is amenable. Fix a finite subset F ⊂ C c (G) and 0 < ε < 1/10 arbitrarily. We will show that there exists a
is compact, we may assume that 1 ∈ F. Set K := ϕ∈F supp(ϕ) ∪ supp(ϕ) −1 . Then, K is compact. By the amenability of G, we can find µ ∈ C c (G) + such that
We note that for any g ∈ K and h ∈ G r(g) it follows that µ(h), µ(hg) ≤ 3. Indeed,
Since G is locally compact and Hausdorff, we can find a compact subset K µ and open subset O in such a way that supp(µ) ⊂ O ⊂ K µ . By continuity of µ 1/2 , there exists a finite open covering {U i } i∈I of supp(µ) consisting of G-sets and g i ∈ U i such that |µ(g i ) 1/2 − µ(h) 1/2 | < ε/(C Kµ C K ) for all h ∈ U i and i ∈ I. We may assume that U i ⊂ O ⊂ K µ . Let {ν i } i∈I be a corresponding partition of unity and set β := i∈I µ(g i ) 1/2 ν i . We note that β − µ 1/2 ∞ < ε/(C Kµ C K ).
. By the preceding lemma this ξ is C(G (0) )-central. For ϕ ∈ F we denote by ϕ the element in C c (G) corresponding to Ω ξ (λ ξ ). We fix g ∈ K arbitrarily and set y := r(g). For any ψ ∈ C c (G) we define ψ(⋆) := 0. When (U i ) y = ∅ we denote by h i a unique element in (U i ) y . When (U i ) y = ∅, we set h i := ⋆. We also define ⋆g := ⋆. We show that
Firstly, letting
Hence, for i, j ∈ I we have
Set z := r(h i ). The equation (2) implies that h i g belongs to (U j ) z whenever θ * i * ϕ ij * θ j (g) = 0. In this case, we have
Thus, we get (1). Next, we take a subset J ⊂ I in such a way that the sets I i := {j ∈ I | h i = h j }, i ∈ J satisfy that I = i∈J I i . We then have
By the choice of µ we have |1 − i∈J µ(
By the Cauchy-Schwartz inequality and the fact that |a
Since supp(ϕ) ⊂ K and supp( ϕ) ⊂ K, we now have
Hence, we obtain a net of C(G (0) )-central vectors {ξ i } i such that Ω ξi converges to the identity map on the dense subspace C c (G) ⊂ C * r (G). In particular, we have Ω ξi 2 = ξ i , ξ i ≤ 2. Thus, {Ω ξi } i forms a bounded net, and hence converges on the whole C * r (G).
Weyl-von Neumann-Voiculescu type results
The main result in this section is Theorem 6.3 below, which says that weak containment is characterized by a certain Weyl-von Neumann-Voiculescu type assertion. Our proof is based on Arveson's argument [Ar] . We use the condition (3) in Theorem 3.2.1 and Corollary 3.2.5 instead of Glimm's lemma.
We denote by {δ n } ∞ n=1 the canonical basis of ℓ 2 (N) and by p n ∈ B(ℓ 2 (N)) the orthogonal projection onto Cδ n . Recall that a C * -algebra B is said to be σ-unital if it admits a countable approximate unit. Recall that every separable C * -algebra is σ-unital. The following lemma can be found in the proof of [Ka, Lemma 10] . Thus, we give only a sketch of proof for the reader's convenience.
Lemma 6.1. Let A and B be C * -algebras with A unital separable and B σ-unital. Then, for any finite subset F ⊂ A and ε > 0 there exists a sequence of positive elements {e n } ∞ n=1 ⊂ K B (H B ) such that each e n has the form of
∞ n=1 e 2 n = 1 HB strictly, and
where the infinite sums converge strictly.
Sketch. Set F 1 := F and take an increasing sequence of finite subsets
F n is norm dense in A. Take a countable approximate unit {v n } n≥1 of B. Consider the following two separable C * -subalgebras of L B (H B ),
Here we set u 0 := 0. Then, the e n := (u n − u n−1 ) 1/2 is the desired one.
Lemma 6.2. Let A and B be C * -algebras with A unital and
, and b 1 , . . . , b n ∈ B be given. For the compact operator
is the universal representation of B, the above V can be chosen in such a way that ψ(a) − V * π m Y (a)V < ε for a ∈ F. Proof. For each a ∈ A, the support and range of ψ(a) are contained in C n ⊗ B, we can regard
, the operator ψ(a) and ψ(a) ⊗ 1 K are identified with Ω ζ (a) and π
. On the other hand, one has
Hence, V is the desired one. In the case that A ⊗ ϕ H B ≺ univ Y , by Corollary 3.2.5, we can choose
< ε for a ∈ F instead of (3) Theorem 6.3. Let A and B be C * -algebras with A unital and B σ-unital and X be a countably generated Hilbert B-module. For unital (Y, π Y ) ∈ Corr(A, B) and given ϕ ∈ CP(A, L B (X)) and (K, π K ) ∈ Rep(B), the following are equivalent:
Further suppose that ϕ is unital, and (K, π K ) is the universal representation of B. Then, any of conditions above is also equivalent to (3) There exists a net of isometries
When A is separable, we can choose the V i as a sequence satisfying that
Proof. First, we show (1) ⇒ (2): It suffices to show the case that X = H B . Indeed, by Kasparov's stabilization theorem there exists a projection P ∈ L B (H B ) such that P H B ∼ = X. Hence, we can regard ϕ as a map into
When A is separable, take an increasing sequence of finite subsets
. By Lemma 6.1 we obtain a sequence of positive operators {e n } ∞ n=1 such that each e n has the form of
n=1 e 2 n = 1 HB strictly, and
e n ϕ(a)e n < ε/2 for a ∈ F.
be the c.p. map defined by e n as in Lemma 6.2. By Lemma 6.2 there exist
For any ξ ∈ H B and N ∈ N one has
We observe that that
(a)W n for a ∈ A. Now for any a ∈ F and f ∈ X we have
In the case that A ⊗ ϕ H B ≺ univ Y , by Lemma 6.2 we can choose W n in such a way that
for all a ∈ A. Moreover, if ϕ is unital, then we can choose V in such a way that 1 − V * V < ε < 1. Set V 0 := V (V * V ) −1/2 . Then V 0 is an isometry and enjoys that ψ(a) − V * 0 π ∞ Y (a)V 0 < δ(ε) for a ∈ F, where δ(ε) is a positive number such that lim εց0 δ(ε) = 0, and hence we get (1) ⇒ (3).
Finally, we prove (2) ⇒ (1): Suppose that we have a net
∞ and show that π K • Ω ζi converges to Ω ξ point σ-weakly. Since {π K • Ω ζi } i is norm bounded, it suffices to show convergence in the point weak operator topology. For any a ∈ A and η ∈ K we have
Here is a characterization of weak containment for unital countably generated C * -correspondences.
Corollary 6.4. Let A and B be C * -algebras with A unital and B σ-unital. For unital C * -correspondences X, Y ∈ Corr(A, B) with X countably generated and a representation K ∈ Rep(B), X is weakly contained in Y with respect to K if and only if there exists a net of contractions
Corollary 6.5. Let A and B be C * -algebras with A unital and B σ-unital. For unital
When A is separable, we may choose V i 's as a sequence satisfies that
Proof. The "if part" follows from the preceding theorem. Let V ∈ L B (X, Y ∞ ) be an isometry. One has
Thus, the assertion follows from Theorem 6.3.
We note that V i in the preceding corollary satisfies π
Y (a) converges to 0 in norm, and is compact if A is separable. Indeed, 
We introduce a notation which is useful to prove the next theorem. Let X and Y be Hilbert B-modules and ϕ : A → L B (X) and ψ : A → L B (Y ) be maps. For a subset F ⊂ A and ε > 0 we denote by ϕ ∼ (F,ε) ψ if there exists a unitary U ∈ L B (X, Y ) such that ϕ(a) − U * ψ(a)U ∈ K B (X) and ϕ(a) − U * ψ(a)U < ε for all a ∈ F. We also write ϕ ∼ ψ if ϕ ∼ (F,ε) ψ for any finite subset F ⊂ A and ε > 0.
Theorem 6.7. Let A and B be C * -algebras with A unital and B σ-unital. For unital C * -correspondences (X, π X ), (Y, π Y ) ∈ Corr(A, B) with X countably generated, (X, π X ) ≺ univ (Y, π Y ) holds if and only if there exists a net of unitaries
We only prove the case that A is separable since the proof for general A proceeds in the same manner. It suffices to show that
Since X ∞ ≺ univ X ≺ univ Y and X ∞ is also countably generated, we can apply the previous corollary and obtain a sequence of isometries
V n is compact and converges to 0 in norm for all a ∈ A. Put P n :
which is compact and converges to 0 by the remark above. Hence, for any finite subset F ⊂ A and ε > 0 there exists n ∈ N such that π
Definition 6.8 ( [Sk, Definition 1.6] ). An A-B C * -correspondence X is said to be nuclear if for any n ∈ N and any ξ = (ξ 1 , . . . , ξ n ) ∈ X n = X ⊗ C n with ξ ≤ 1, the c.c.p. map
The nuclearity of a given C * -correspondence is characterized in terms of our weak containment. Recall that a c.p. map θ : A → B is said to be factorable if there exist n ∈ N and c.p. maps ϕ : A → M n and ψ : M n → A such that θ = ψ • ϕ. The set of factorable maps from A into B is known to be convex. By [BO, Proposition 3.8 .2] any c.c.p. map is nuclear if and only if it can be approximated by factorable c.p. maps in the point norm topology.
Proposition 6.9. Let A and B be C * -algebras with A unital. Let H ∈ Rep(A) be faithful and X ∈ Corr(A, B) and K ∈ Rep(B) be given. Then, X ≺ univ (H ⊗ B, π H ⊗ 1 B ) holds if and only if X is nuclear.
Proof. Suppose that X ≺ univ H ⊗ B. Since every c.c.p. map in F (H⊗B)n can be approximated by factorable maps for n ∈ N, (H ⊗ B, π H ⊗ 1 H ) is nuclear, and hence so is X by Corollary 3.2.5 and Lemma 3.3.3. Conversely, suppose that X is nuclear and show the condition (2) in Corollary 3.2.5. Fix ξ ∈ X with ξ ≤ 1, a finite subset F ⊂ A, and ε > 0 arbitrarily. Since Ω ξ is a nuclear map, we may and do assume that Ω ξ is of the form β • α for some c.c.p. maps α : A → M n and β : M n → B. Let (H α , π α , V α ) be the Strinespring dilation of α. Since (H α , π α ) is weakly contained in (H, π H ) and α = Ω η with η = (V α δ 1 , . . . , V α δ n ) ∈ (H α ) n , by Lemma 3.3.3 again, there exist
be the square root of the Choi matrix [β(e ij )]
for every a ∈ A, which implies β • α belongs to the point norm closure of F H⊗A .
We should remark that our results do not include original Voiculescu's theorem [V1] as well as Kasparov's generalized one [Ka, Theorem 5] completely. The following corollary follows from Theorem 6.3 and is a particular case of [Ka, Theorem 5] . 
7. Relative K-nuclearity 7.1. Preliminaries on KK-theory. In this section we prove that our strong relative nuclearity implies Germain's relative K-nuclearity. Firstly, we recall some definitions and facts on KKtheory. We refer to [Bl] and [JT] for KK-theory.
Notation 7.1.1. For a trivially graded C * -algebra B, a graded Hilbert B-module is a Hilbert Bmodule X such that there exist closed submodules X 0 and X 1 of X, called even and odd parts of X, such that X = X 0 ⊕ X 1 . To make the grading clear, we will write X = X 0 ⊕ X 1 . An operator x ∈ L B (X 0 ⊕ X 1 ) is said to be of degree i ∈ {0, 1} if xX j ⊂ X i+j (mod 2) . A * -homomorphism φ : A → L B (X 0 ⊕X 1 ) is said to be of degree 0 if φ(a) is of degree 0 for all a ∈ A. In this case, there exist * -homomorphism φ 0 : A → L B (X 0 ) and φ 1 : A → L B (X 1 ) such that φ(a) = φ 0 (a) ⊕ φ 1 (a) for a ∈ A. We will write φ = φ 0 ⊕ φ 1 . Definition 7.1.2. For (trivially graded) C * -algebras A and B, a Kasparov A-B bimodule is a triple (X, φ, F ) such that X is a countably generated graded Hilbert B-module, φ : A → L B (X) is a * -homomorphism of degree 0, and F ∈ L B (X) is of degree 1 and satisfies the following condition:
•
2 )φ(a) = 0 for all a ∈ A, we call (X, φ, F ) degenerate. We denote by E(A, B) and D(A, B) the set of Kasparov A-B bimodules and degenerate ones, respectively.
We say that two A-B Kasparov bimodules (X, φ, F ) and (Y, ψ, G) are unitarily equivalent, denoted by (X, φ, F ) ∼ = (Y, ψ, G), if there exists a unitary U ∈ L(X, Y ) of degree 0 such that ψ = U φ(·)U * and F = U GU * . For a C * -algebra B we set IB := B ⊗ C[0, 1]. We identify IB with C([0, 1], B), the space of B-valued continuous functions on [0, 1] . For t ∈ [0, 1] the evaluation at t is the surjective * -homomorphism, still written t, from IB onto B defined by t(f ) := f (t) for f ∈ IB. If X is a Hilbert IB-module, then the pushout X t of X by t is a Hilbert B-module. For (X, π X ) ∈ 7.2. Strong relative nuclearity implies relative K-nuclearity. The main result of this subsection is Theorem 7.2.6. This technical theorem plays an important in § §8.2.
For a Hilbert A-module X we denote by J X the degree 1 unitary
Definition 7.2.1 ([Ge2, Definition 3.4]). Let 1 A ∈ B ⊂ A be a unital inclusion of C * -algebras with a conditional expectation E : A → B. We say that A is K-nuclear relative to (B, E) if the C * -correspondence (X, π X ) := (L 2 (A, E) ⊗ B A, π E ⊗ 1 A ) satisfies the following:
(i) there exist unital * -homomorphisms π
iii) the evaluation of X at t = 1 is degenerate, i.e., we have π
A is a C * -subalgebra, and X ∈ Corr(A) has the B-CCPAP, then we can chose a sequence ψ n ∈ F B ′ ∩X such that ψ n (1 A ) = 1 A for n ∈ N and lim n→∞ a − ψ n (a) = 0 for a ∈ A.
Proof. Take a countable dense set {a n } ∞ n=1 in A with a 1 = 1 A . Take ψ n ∈ F B ′ ∩X in such a way that a k − ψ n (a k ) < 2 −n for 1 ≤ k ≤ n and ψ n (1 A ) ≤ 1 A . Then {ψ n } n enjoys the second assertion. We next replace ψ n by a u.c.p. map. Since
is the desired one.
Theorem 7.2.3. Let A be a unital separable C * -algebra, B be a C * -subalgebra of A, and (X, π X ) ∈ Corr(A) be unital and have the B-CCPAP. Then, there exists a sequence of isometries
Proof. Since A is separable, it suffices to show that for any finite subset F ⊂ A and ε > 0 there exists an isometry V ∈ B L A (H A , X ∞ ) satisfying (1) and λ
Take an increasing sequence of finite subsets
Since X has the B-CCPAP, for each n ∈ N there exists
Moreover, for any a ∈ ∞ n=1 F n , we have ∞ n=1 a − ψ n (a) < ∞, and hence V satisfies (1). By the construction of V we also have λ
a)V < ε for a ∈ F. Corollary 7.2.4. Let A be a unital separable C * -algebra, B be a C * -subalgebra of A, and (X, π X ) ∈ Corr(A) be unital and have the B-CCPAP. Then, there exists a sequence of unitaries
∞ ) be a sequence of isometries in the preceding theorem and put
′ . Let S 1 , S 2 ∈ B(ℓ 2 (N)) be the isometries defined by S 1 δ n = δ 2n−1 and S 2 δ n = δ 2x for n ≥ 1. Then, the operator T := (S 1 ⊕S 2 )⊗1 A :
As in the proof of Theorem 6.7 the sequence {U n } n satisfies (1) and (2). Since each U n is the product of three unitaties intertwine the left actions of B, we have
For a Hilbert C * -module X and ξ ∈ X, we set ξ
Corollary 7.2.5. Let B ⊂ A and X be as in the preceding corollary. For any
0 . Proof. We use the notation in the proof of Theorem 7.2.3. Replace
is also an isometry enjoys (1) in Theorem 7.2.3 and that V 1
(1)
0 . Put P := 1 − V V * and W := V ⊕ P . We note that the T above satisfies that T (1
is the desired unitary. We only check (2 ′ ): Theorem 7.2.6. Let B ⊂ A be a unital inclusion of separable C * -algebra, (X, π X ) ∈ Corr(A) be countably generated, unital, and have the B-CCPAP, ξ ∈ B ′ ∩ X be a fixed vector with
(3) the evaluation U 1 of U at 1 equals 1 X ∞ , and hence the evaluation of X at 1 is degenerate. (4) the evaluations {U t } 0≤t≤1 satisfies that
and W (0⊕ξ
be the evaluation of W at 1 and put
t is the unitary given by the matrix
. By Lemma 7.1.3, U is well-defined. Moreover, by construction we get U ∈ B L IA (CA ⊕ IX ∞ , IX ∞ ). To see (1), it suffices to show that the path
. This follows from Lemma 7.1.3 and definition of U again. Thus, U is the desired unitary.
As a corollary, we get a relative analogue of 'nuclearity ⇒ K-nuclearity' for strongly nuclear inclusions.
Corollary 7.2.7. Let B ⊂ A be unital inclusions of separable C * -algebras with a conditional expectation E : A → B. If (A, B, E) is strongly nuclear, then A is K-nuclear relative to (B, E).
Proof. Applying the previous theorem to (X, π X ) := (L 2 (A, E)⊗ B A, π E ⊗1 A ) and ξ E ⊗1 A we get a unitary U : CA⊕IX ∞ → IX ∞ satisfying the conditions in the theorem. The * -homomorphisms
IX are the desired ones.
KK-equivalences of amalgamated free products
In this section, we prove Theorem C and Theorem D.
8.1. Amalgamated free products of C * -algebras. Let I be a set and B be a unital C * -algebra. Let {(X i , π Xi )} i∈I ⊂ Corr(B) be a family of unital C * -correspondences over B with B-central normal vectors ξ i , i.e., one has π Xi (b)ξ i = ξ i b for b ∈ V and ξ i , ξ i = 1 B . We define the index set I p for p ∈ N by I p = {i : {1, . . . , p} → I | i(k) = i(k + 1) for 1 ≤ k ≤ p − 1}. The free product of {(X i , ξ i )} i∈I is the Hilbert B-module (X, ξ 0 ) given by
where X • i = X i ⊖ ξ i B. We will denote by ξ 0 the unit of B in the first direct summand of X and write (X, ξ 0 ) = ⋆ i∈I (X i , ξ i ). We also define complemented submodules X(λ, j) and X(ρ, j) of X for j ∈ I by X(λ, j) = ξ 0 B ⊕ 
* (1 X(ρ,i) ⊗ y)(w i ⊗ 1 Z ). A direct computation will prove the following proposition.
Proposition 8.1.1. Under the notation above, it follows that
, and i, j ∈ I, where P Xi ∈ L B (X) is the orthogonal projection onto X i = ξ 0 B ⊕ X • i ⊂ X. Definition 8.1.2 ([V2]). Let {(A i , E i )} i∈I be a family of unital C * -algebras with nondegenerate conditional expectations E i from A i onto a common C * -subalgebra B containing 1 Ai . Let (L 2 (A i , E i ), π i , ξ i ) ∈ Corr(A i , B) be the GNS representation for (A i , E i ). Let (X, ξ 0 ) be the free product Hilbert module ⋆ i∈I (L 2 (A i , E i ), ξ i ). The reduced amalgamated free product of {(A i , E i )} i∈I over B is given by the pair (⋆ B,i∈I (A i , E i ), E), where ⋆ B,i∈I (A i , E i ) is the C * -subalgebra of L B (X) generated by λ i • π Ei (A i ), i ∈ I and E is the conditional expectation from A onto B given by Ω ξ0 ∈ F X . We note that L 2 (A,
• , where L 2 (A, E)
• the orthogonal complement of ξ E B, and π E (B) reduces these subspaces.
Definition 8.1.3. Let {A i } i∈I be a family of C * -algebras containing a common C * -subalgebra B. Then, the full amalgamated free product of A i , i ∈ I over B is the C * -algebra ⋆ B,i∈I A i , equipped with injective * -homomorphisms ι i : A i → ⋆ B,i∈I A i such that ι i (b) = ι j (b) for b ∈ B and i, j ∈ I and satisfying the following universal property: for any C * -algebra C and * -homomorphisms π i : A i → C such that π i (b) = π j (b) for b ∈ B and i, j ∈ I, there exists a unique * -homomorphism ⋆ i∈I π i : ⋆ B,i∈I A i → C such that (⋆ i∈I π i ) • ι i = π i for i ∈ I.
8.2. Theorem C and Theorem D. In this subsection we prove Theorem 8.2.1 below, which contains Theorem C and Theorem D (see Proposition 5.1.6). (We refer to § §4.2 for the definitions of strong relative nuclearity via C * -correspondences and central vectors.)
Theorem 8.2.1. Let {(A i , B, E i )} i∈I be an at most countable family of unital inclusions of separable C * -algebras B ⊂ A i with conditional expectations E i : A i → B. If each triple (A i , B, E i ) is strongly nuclear via C * -correspondence (Z i , π Zi ) over B such that Z i is countably generated and admits a B-central vector ζ i ∈ Z i with ζ i , ζ i = 1 B , then the canonical surjection from the full amalgamated free product ⋆ B,i∈I A i onto the reduced one ⋆ B,i∈I (A i , E i ) is a KK-equivalence.
We first establish several technical lemmas based on [Ge1] [Ge2] . In what follows, I denotes a countable set and {(A i , B, E i )} i∈I is a family of unital inclusions of separable C * -algebras with nondegenerate conditional expectations E i : A i → B. Let A := ⋆ i,∈I,B A i and A r := ⋆ i∈I,B (A i , E i ) be the full and the reduced amalgamated free products, respectively and let π r : A → A r be the canonical surjection.
The next lemma is probably well-known, but we give its proof for the reader's convenience.
Lemma 8.2.2. If (Z, π Z ) is an A-B C * -correspondence such that there exists a subspace Γ ⊂ Z such that π Z (A)Γ is norm dense in Z and satisfying the freeness condition: for any p ∈ N, i ∈ I p , and a k ∈ ker E i(k) ⊂ A i(k) , 1 ≤ k ≤ p, η, π Z (a 1 · · · a p )ξ = 0 for ξ, η ∈ Γ, then the π Z factors through A r .
Proof. It suffices to show that ker π r ⊂ ker π Z . Fix a ∈ ker π r arbitrarily and take a sequence {a n } n ∈ * -Alg(A i , i ∈ I) ⊂ A such that lim n→∞ a − a n = 0. Since Γ is a cyclic subspace for π Z (A) we only have to prove that η, π Z (b * ac)ξ = 0 for all b, c ∈ * -Alg(ι i (A i ), i ∈ I) and ξ, η ∈ Γ. It is known that π r (b * a n c) is a sum of an element b n ∈ B and finitely many elements having the form of x i(1) · · · x i(p) for some p ∈ N, i ∈ I p , and x i(k) ∈ A i(k) ∩ ker E ⊂ A r . Since ξ, η ∈ Γ we now have η, π Z (b * ac)ξ ← η, π Z (b * a n c)ξ = η, π Z (ι(b n ))ξ ≤ ξ η b n = ξ η E(π r (ba n c * )) → 0, which implies that π Z (a) = 0.
Let Z i ∈ Corr(B) be unital faithful and ζ i ∈ B ′ ∩ Z i be a normal vector, i.e., ζ i , ζ i = 1 B . Set (X i , ξ i ) := (L 2 (A i , E i ) ⊗ B Z i , ξ Ei ⊗ η i ) and (X, ξ 0 ) := ⋆ i∈I (X i , ξ i ). By the universality of A we obtain the * -homomorphism π X := ⋆ i∈I λ i • (π Ei ⊗ 1 We will show that the closed submodule Γ := ξ 0 B ⊕ i∈I (ξ Ei ⊗ B Z • i ) ⊕ Λ satisfies the condition in Lemma 8.2.2. Indeed, it is not hard to see that π X (a 1 · · · a p )Γ ⊥ Γ for all p ≥ 1, i ∈ I p , and a k ∈ A • i(p) for p ≥ 1. Since X = p≥0 X p , it suffices to show that span π X (A)Γ contains X p for all p ≥ 0. The case that p = 0 is trivial. Suppose that p ≥ 1 and X p ⊂ span π X (A)Γ. We observe that X • p+1 ⊂ π X (A)X p and X p+1 ⊖ X 
Applications
In this section, we give some applications in KK-theory. The next theorem follows from Thomsen's result on full amalgamated free products ( [Th, Theorem 2.7] ) and Corollary D.
Theorem 9.1. Let A 1 , A 2 , and B be unital separable C * -algebras, and i k : B → A k , k = 1, 2 be unital embedding with nondegenerate conditional expectations E k : A k → i k (B). Set A := (A 1 , E 1 )⋆ B (A 2 , E 2 ). Let j k : A k → A, k = 1, 2 be the canonical embeddings. If each A i is nuclear and B is finite dimensional, then for any separable C * -algebra D there are two cyclic six terms exact sequences:
KK(D, B)
(i1 * ,i2 * )
